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Learning goals

This lecture closes the first module by extending inner products, norms, orthogonality, projec-
tion, and orthonormal bases to infinite-dimensional spaces. By the end of these notes, you
should be able to:

1.
2.
3.

© % N o

10.

distinguish convergence from the Cauchy property;
explain completeness and define a Hilbert space;

use tails of convergent series to prove that sequences in ¢? are Cauchy and to identify
their limits;

define L'([a, b]) and L?([a, b]), compare them on finite intervals, and test power singular-
ities with improper integrals;

explain equality almost everywhere and use indicator functions;

compute L? inner products, norms, and distances;

construct finite orthogonal projections and verify their best-approximation property;
derive Bessel’s inequality and Parseval’s identity;

compute complex Fourier coefficients and analyze finite Fourier modes;

distinguish pointwise convergence from L? convergence.
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1 The central question

In a finite-dimensional space, an expansion in a basis is a finite sum. In an infinite-dimensional
space, it becomes a sequence of partial sums. Before writing

o0
f=>" ceup,
k=1

we must answer three separate questions:

1. In which norm should the partial sums converge?
2. Do the coefficients produce a Cauchy sequence of partial sums?

3. If they do, does the limit still belong to the original space?

The third question leads to completeness. Completeness is what prevents a well-behaved sequence
from converging toward an object missing from the space.

Guiding chain of ideas

partial sums = Cauchy sequences = completeness

= infinite expansions whose limits remain in the space

2 From finite to infinite dimensions

Let {e1,...,e,} be an orthonormal basis of R™ or C". Every vector satisfies

<e/€’ V> €
1

VvV =

n
k=

and

n
2
VI =D [ew, v) I*.
k=1

The first formula decomposes a vector into components; the second is the Pythagorean theorem.

In infinite dimensions, the analogous expression is a series,

o
f= Z CLUL-
k=1

The symbol on the right means the limit of the partial sums

N
Sy = Z CR U
k=1

Thus an infinite expansion is a statement about convergence, not a purely algebraic sum.

3 Norm convergence, Cauchy sequences, and completeness
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Convergence in norm

A sequence {v,} in a normed space V converges to v € V if, for every £ > 0, there exists
N € N such that
n>N = |v,—v|<e.

We write v, — v.

For example, in R?,

because ||v, — v|| = v2/n — 0.
Cauchy sequence

A sequence {v,} C V is a Cauchy sequence if

‘V5>0, HNGNZ’I’I’L,RZN:>H’Um—UnH<€.‘

Convergence compares v, with a known candidate v. The Cauchy condition compares late terms
with one another and does not require the limit to be known in advance. Every convergent sequence
is Cauchy, since

[om = vall < flom — vl + [lon = o]

The converse depends on the space.
Complete space and Hilbert space

A normed space is complete if every Cauchy sequence converges in its norm to an element
of the space. An inner-product space (H, (-,-)) is a Hilbert space if it is complete in the
induced norm

IFIl =/ (F5 )

Every finite-dimensional normed space over R or C is complete. Completeness becomes a genuinely
new issue in infinite dimensions. The inclusion Q C R is a useful analogy: a rational Cauchy
sequence may approach /2, which is missing from Q.

4 A noncomplete function space
On C(]0,1]), define

Vo) = [ Taswar, ity = ([ 1rwra)

This is a valid inner product and norm on continuous functions, but the space is not complete in
this norm.
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Example 6.1: continuous functions with a discontinuous L? limit

For n > 2, define

1 1
07 0§x§5_57
_ 1 1 1 1 1
fn(ﬂj)— n(m—§+—), §—ﬁ<$<§,
1
L, 3 Szl

Every f, is continuous. The natural limit is the step function

H(z) 0, z<1/2,
€Tr) =
1, z>1/2,

which is not continuous at x = 1/2. The functions differ only on the transition interval, where
H=0 Withy=z-1+1

o _ o (M7, 1
£ = B3 =n® [ 42y = o

3n
Therefore f,, — H in the L? norm. The sequence is Cauchy in C([0, 1]) equipped with that

norm, but its limit is not continuous. Hence C([0,1]) is not complete in the L? norm.
\ J

The failure lies in the space, not in the sequence: continuous functions are too few to contain every
meaningful L? limit.

5 L', L?, and improper power integrals

The spaces L'([a,b]) and L?([a, b))
For measurable functions f : [a,b] — K, where K=R or C,
| b
Lfat) =1/ [ 1f@de <oof.,
and ,
L*([a, b)) = {f r/ |f () do < OO}-
The associated norms are

b b 1/2
171 = [ @) do, ||f||2=</a |f(m>|2dx) .

(N J

The space L?([a,b]) has the inner product

u

o= [ Falgta) dz

and is complete. Thus it is a Hilbert space. The L' norm is also complete, but it does not arise
from an inner product and therefore does not provide the same orthogonal geometry.

On a finite interval, every square-integrable function is absolutely integrable. Indeed, Cauchy—
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Schwarz gives

b
71 = [ 1#(@)]- 1do

< </ab ’f(ﬂv)’zdx) " (/ab 12dx>

=Vb—a|fl,-

1/2

Consequently,

L*([a,b])) C L'([a,b]) when b — a < oo.

The reverse inclusion is false.
The model calculation near a singular endpoint is
1 1
/ 2Pdx = lim zPdzx.
0 e—0t Je
If p # —1, then
p+1 7

This has a finite limit exactly when p + 1 > 0. For p = —1, the integral is —loge, which diverges.
Therefore,

1
/:dex<oo — p>-L
0

Example 6.2: classifying a power singularity

Let hg(x) = 277 on (0,1). Then

1
Ihally = | = Pda

is finite exactly when —f8 > —1, or # < 1. Likewise,

1
2 _
Ihally = | o

is finite exactly when —23 > —1, or § < 1/2. When § < 1/2,

1
hall, = ————.
sl —7

For example, 2~%/% belongs to L'((0,1)) but not to L((0,1)).

\\§

.

A reliable membership test

To decide whether a function belongs to L' or L?:

1. locate every endpoint or interior point where the function may be singular;
2. write the relevant integral as an improper integral;
3. test |f| for L' and |f|? for L?;

4. only after convergence is established, evaluate the norm.

-
-
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6 Equality almost everywhere and indicator functions

Elements of L' and L? are equivalence classes of functions rather than pointwise-defined functions.

Equality almost everywhere

Functions f and g are equal almost everywhere, abbreviated a.e., if f(z) = g(z) except

possibly on a set of measure zero. Functions equal almost everywhere represent the same
element of L' and L?.

For example, changing the value of a function at one point does not change any of its integrals or
its LP equivalence class. This resolves the apparent problem that a nonzero pointwise function
could otherwise have norm zero.

Indicator function

For a measurable set F, the indicator function of E is

1, z€FE,
1E($):{0 ¢ E

If u(E) denotes the length, or measure, of E, then

el = u(B),  [1elly =/ W(E).

G J

For measurable sets A and B,
<1A’ 13> = IU(A N B)’

and, because |14 — 1p|? is the indicator of the symmetric difference AAB,

114 — 1p]l3 = p(ALB).

More generally, if B C A and r, s € C, then the sets B and A\ B are disjoint, so

Ir1a — sipl3 = |r — s]*u(B) + r|*u(A\ B).

This formula is especially useful for comparing concentrated functions with nested supports.

Example 6.3: distance between two indicator functions

On [0,1], let A =10,1/2] and B = [1/3,3/4]. Their symmetric difference has length
7

1
4 12

WAAB) = -+ - =

1
3
Therefore,

7

o

The overlap A N B = [1/3,1/2] contributes nothing to the distance because the two functions
agree there.

||1A - 1BH2 =
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7 The sequence space /> and tails of series

The Hilbert space ¢?
o
2= {a = (ay,az,...): Z lax|? < oo}
k=1
The inner product and norm are
<a’a b> = Za’_kbka ||a’||ﬂ2 = (Z |ak|2> :
k=1 k=1

The space ¢? is complete.
- J

For the canonical vectors e; = (1,0,0,...), e = (0,1,0,...), and so on, (ej,ex) = ;5. If
a = (ay,as,...) € /%, then

0o ) 0o
a=3 aper, |lalp = lal®
k=1 k=1

Suppose @) = (a1,...,an,0,0,...) is the Nth truncation of a. If M > N, then

aM) — g(N) = 0,...,0,an+41,---,ar,0,...),
and hence
M N2 u 2
Ha( ) — ) o= Z lak|*.
k=N-+1

Because a convergent series has tails that tend to zero, > |ax|?> < oo implies that the truncations
are Cauchy. Moreover,

2 o

2 = Z \ak\Z — 0.
k=N+1

Example 6.4: a Cauchy sequence of truncations

Define
b(N):<1 L 0,0,...).

o - a

5’2_2a "Q_N’

For M > N,

oo 5ol = - X

k=N+1
=1 1
<> reraw
— k AN
k:N+14 3-4

Thus the sequence is Cauchy. Its natural limit is

11 1
W= || =g =5 ==9000
(27223237 )a

and
9 > 1 1
Il = 3 5 = 5
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Finally,

-], = ﬁ 0.

The tail estimate proves both the Cauchy property and convergence to the identified limit.
- J

Where completeness enters

Tail estimates can prove that a sequence is Cauchy without first knowing its limit. Completeness
then guarantees that some limit exists inside the space. When a natural coordinatewise
candidate can also be identified, checking that the candidate lies in ¢? and that the infinite tail
tends to zero proves convergence directly.

-

-

8 Infinite orthonormal systems and bases
Orthonormal system and orthonormal basis
A sequence {u}72, is orthonormal if

(uj, ug) = djg.

It is an orthonormal basis, or complete orthonormal system, if every f € H satisfies

o0
f= Z (ug, f) ug with convergence in norm.
k=1

Equivalently,

span{uy, ug, ...} = H.

- J

Orthonormality alone does not guarantee completeness. The coefficients retain the finite-dimensional
projection formula

cr = (ug, f) |,

and the equality f = )", cpur means precisely that

N
”f_SNH—>0, SN:ZCkUk'
k=1

9 Projection in L?, Bessel, and best approximation

Let

N
Sy = Z (ug, [) ug, Vn = span{uy,...,un}.
k=1

For j < N,
<ujaf_SN> :Ov

so the residual f — Sy is orthogonal to Viy. The Pythagorean theorem gives

~—

N
AP =D 1 Cuns ) P+ 1LF = Snll?. (1
k=1
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If g € Vi, then
f—g9=(—5n)+ (S~ —9),

and the two terms are orthogonal. Hence
2 2 2 2
If = gll” =l = SnI" + IS8 —glI” = lf = Sw "
Thus Sy is the unique best approximation to f from V.

Example 6.5: projection of a function onto linear polynomials

In L?([0,1]), consider
up(x) =1, uy(x) = V12 <:E - %) .

Direct integration shows that ||ug|ly = ||u1ll, = 1 and (ug,u1) = 0. For f(z) = a2,

1 1
co = {uo, f) =/ z’dr = Z,
0 3

and
1 1
clzx/ﬁ/ (l‘——)l’QdCL‘
0 2
11 V3
=vV12|(-—= ] = —.
\/_<4 6) 6
Therefore,
1
S1 = coug + cruy = x — 6

This is the best L? approximation to z? among all functions a + bz. The finite Pythagorean
identity can be checked numerically:

2 1 2 o _ 1 2 1
= — = — — S - —
HfHZ 5’ ’00’ + ’Cl’ 36’ Hf 1”2 180°
and indeed 1/5 = 7/36 + 1/180.
\ J

Since the final term in (1) is nonnegative, taking N — oo gives Bessel’s inequality.

Bessel’s inequality and Parseval’s identity

For any orthonormal system and every f € H,

>, £ P < IIFIP
k=1

If the orthonormal system is complete, then Sy — f, and

LA =D 1 s £) 12
k=1

The latter equality is Parseval’s identity.

. J

Bessel shows that Fourier-type coefficients form an ¢? sequence. Parseval says that a complete
orthonormal basis captures all of the squared norm. If only finitely many coefficients are nonzero,
Parseval reduces to an ordinary finite-dimensional Pythagorean identity.

10
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10 Complex exponentials and Fourier coefficients

On [0, 1], define A
uy(z) = 2™k, ke Z.
Then

1 ) )
(uj,u) = /0 2=z gy — k-
The family {e?™**}, 7 is a complete orthonormal system in L2([0, 1]). Therefore,

f(ZL‘) — Z Ck€27rik::n in L2,

keZ

where

T
Ck :/ e~ 2k £ (1) d.
0

Parseval becomes

1
| 5@ = 3l

kEZ

The basic orthogonality integral is

1 . =
/ 627mrmd$ — 1a r 07
0 0, reZ\{0}.

It allows each Fourier coefficient to select exactly the matching mode.

Example 6.6: a function with finitely many Fourier modes

Let ‘ _
h(z) = 3 — 26> 4 je~ 6™,

The nonzero coefficients are

co = 3, c1 = —2, c_3 =1.
All other coefficients vanish. Parseval immediately gives

IRl = 131% + | = 2> + |if® = 14.

For a direct check, expand |h|? = hh. The three squared-amplitude terms integrate to 9 +4 + 1,
while every cross term is a nonzero integer exponential and integrates to zero. Thus the direct

integral is also 14.
A J

Example 6.7: Fourier coefficients of f(z) =z

For k=0, ¢co = 1/2. For k # 0, integration by parts gives

1 .
cp = / x€—27rzkmdx
0

x€f27m'kz 1 /1 e*?ﬂ'ikxd
L N R

1
o 2mik 27k’

11
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Thus, in L2(]0, 1]),
_ 1 ( 2mikx
r=gt 2 g
keZ\{0}
Parseval checks the result:
1 1 | 1
2
der = - +2 — ==,
/0 i ];477%2 3
1\ _J

11 Pointwise convergence versus L’ convergence

Two different modes of convergence

The sequence f, converges pointwise to f if, for every fixed =z,

falz) = f().

It converges to f in L? if

1= flle = ([ nte) = f(@)P Y

(G J

Pointwise convergence examines each point separately; L? convergence examines integrated squared
error. Neither condition, by itself, is the same as the other.

Example 6.8: L? convergence with an exceptional point

Let f,(x) = 2" on [0, 1]. Pointwise, f,(z) — 0 for z < 1, while f,,(1) = 1. Thus the pointwise
limit has value 1 at the endpoint. In L?, however,

1

— 0.
2n+1

1
I5ully = [ o*da =

Hence f,, — 0 in L?. The value at the single endpoint is invisible to the L? norm.

-

-

Example 6.9: pointwise convergence without L? convergence

For n > 1, define
an(z) = Vnlym om(x)  on [0,1],

with the interval intersected with [0, 1] when n = 1. For every fixed z € [0, 1], eventually z lies
outside [1/n,2/n], so g,(z) — 0. However, for n > 2,

2 1
2
H‘InHQ n(n )

Therefore g, does not converge to zero in L?.
The failure is even visible in the dyadic subsequence. The supports of g9; and gq;+1 overlap
only at one endpoint, a measure-zero set. Consequently,

2 2 2
lgas — qai1llz = llazillz + llggi+allz = 2.

This subsequence is not Cauchy, so the original sequence is not Cauchy in L?.

-
&
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The lesson is that a high, narrow concentration may disappear at each fixed point while retaining
nonzero integrated energy. To test L? convergence, one must calculate a norm; pointwise inspection
is not enough.

12 Cauchy partial sums and the role of completeness

Consider a formal orthonormal series

e’} N
chuk, Sy = chuk.
k=1 k=1

For m > n, orthonormality gives

m

1Sm = Sall> = >~ exl*.
k=n+1

If > |ck|? < oo, the tails tend to zero and {Sy} is Cauchy. Completeness then guarantees a limit
feH.

Why completeness is essential

square-summable coefficients = Cauchy partial sums

— completeness = a limit inside H

Without completeness, the partial sums could be Cauchy while pointing toward an object

outside the space.
\ Y,

An orthonormal Hilbert basis should not be confused with a Hamel basis. A Hamel basis represents
each vector by a finite linear combination. A Hilbert basis permits norm-convergent infinite
expansions.

13
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13 Conceptual summary

Concept

Meaning

Cauchy sequence
Completeness
Hilbert space

I

12

Equality a.e.

Indicator function
Orthonormal basis
Bessel

Parseval

L? convergence

Late terms become arbitrarily close to one another.

Every Cauchy sequence has a limit inside the space.

A complete inner-product space.

Absolute integrability: [ |f] < oc.

Square integrability: [ |f|* < oo.

Changes on measure-zero sets do not change the LP element.

Represents a measurable set as a function taking values 0 and
1.

A complete orthonormal system with norm-convergent expan-
sions.

An orthonormal system captures no more than the total
squared norm.

A complete system captures exactly the total squared norm.

Integrated squared error tends to zero.

Common pitfalls

.

e A Cauchy sequence need not converge unless the space is complete.

o Testing L? membership requires integrating |f|?, not | f|.

e On a finite interval, L? C L', but L' is not contained in L2.

e L? clements are equivalence classes, not distinguished by values on measure-zero sets.
¢ Orthonormality does not imply completeness of the system.

e Bessel’s inequality holds for any orthonormal system; Parseval’s identity requires an
orthonormal basis.

« Convergence in L? does not automatically imply pointwise or uniform convergence, and
pointwise convergence does not imply L? convergence.

J

b
171 = [ W @ldz,

1
/ 2Pdr < 0o <= p > —1,
0

) M
Ha(M) —a®) o= Z lax|?.
k=N+1
N
¢k = (ug, f), Sy = (uk, f) ug.
k=1

b
1915 = [ 1#(a)do.

Iflly < Vb —alflly-
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N
I =D 1w £) P+ 1LF = Snll?.
k=1

Dol ue, AP <P (Bessel), AP =D | ur, £) 7
k=1 k=1

(Parseval).

15
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14 Take-home assignment: five problems

Special Thursday assignment — due Thursday, October 15, 2026

Complete all five problems and submit one organized solution set at the beginning of class
on Thursday, October 15, 2026. Show intermediate steps, state the results you use, and
explain your reasoning in complete sentences when requested. Answers without supporting
work are incomplete.

No solutions are included in these notes.
\ J

Problem 1 — Cauchy sequences and completeness in /2

For each n € N, define

(a) For m > n, write (™ — a(™ explicitly.

(b) Show that

[atm — ot

2 mooq
02 = Z ﬁ :
k=n-+1

(c) Use convergence of 332, k=2 to prove that {a(™} is Cauchy.
(d) Identify its natural limit @ and prove that a € £2.

(e) Prove directly that a™ — @ in £2 and explain where completeness enters conceptually.

Problem 2 — Membership in L?
For real a, define f,(xz) =27 on (0,1).

(a) Determine all « for which f, € L*((0,1)).
(b) Determine all o for which f, € L?((0,1)).

)
)
(c) Give an explicit value of o for which f, € L' but f, ¢ L.
(d) For every admissible «, compute || fo||5-

)

(e) Explain why the value assigned to f,(0) does not affect its element of L2,

Problem 3 — Projection, Bessel, and best approximation

In L?([-1,1]), use the orthonormal functions

Let f(x) = 2% + .
(a) Verify that up and u; are orthonormal.

(b) Compute ¢y = (ug, f) and ¢ = (uq, f).

16
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(c) Construct the projection S1 = coug + cru;.
(d) Compute || f||?, |co|? + |e1]?, and || f — Si||?, and verify the finite Pythagorean identity.

(e) Explain why S; is the best approximation to f among all linear functions a + bx.

Problem 4 — Fourier coefficients and Parseval
Let f(z) = e*™ + 2¢=4™% on [0, 1].

(a) Compute every Fourier coefficient
1 )
Ck :/ e 2R £ () da.
0

(b) Write the Fourier expansion of f and identify all nonzero modes.

c¢) Compute fol |f(z)|?dx directly.

(
(d) Compute Y.z |ck|? and verify Parseval’s identity.

)
)
)
(e) Interpret the result as preservation of squared norm between the physical-space and coefficient-
space representations.

Problem 5 — Comparing modes of convergence

On [0, 1], define
In(x) = \/ﬁl[O,I/n] (z),

where 1g is the indicator function of the set E.

a) Determine the pointwise limit of g, (z) for every x € [0, 1].

(
(b) Compute ||gnl|,-
(c
(d

)

)

) Decide whether g,, — 0 in L2(]0,1]) and justify the answer.

) Compute ||g, — gmHg for m > n and determine whether {g,} is a Cauchy sequence in L?.
)

(e

Explain clearly what this example shows about the difference between pointwise convergence
and L? convergence.

End of Lecture 06 student notes

17
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